
FLUX WITHOUT DIVERGENCE



If we are trying to find the flux through a surface that
doesn’t enclose a volume, then we can’t use the 
Divergence Theorem.  However, we can still try to
compute the flux integral directly.
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To do so, we’ll usually set up one of the following
integrals.  Also, we may sometimes need to adjust a 
sign depending upon whether we want our unit normal 
vector to point upwards or downwards.
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2 2

ˆ

 unit circle
 upward unit normal

F zk

z x y
R
N

=

= +
=
=

2 2

ˆˆ ˆ2 2

g x y z

g xi yj k
gN dS g dydx g dydx
g

= − − +

∇ = − − +
∇

= ⋅ ∇ = ∇
∇

( )
1 22 1 2 24

2 2 3

00 0 0 00

ˆ ˆˆ ˆ( 2 2 )

1( )
4 4 4 2

S R R R

R

F N dS F g dydx zk xi yj k dydx z dydx

rx y dydx r drd d d
ππ π π θ πθ θ θ

= •∇ = − − + =

= + = = = = =

∫∫ ∫∫ ∫∫ ∫∫

∫∫ ∫ ∫ ∫ ∫

i i



Example 2:

ˆ

1
0 1,0 1
 upward unit normal

F zk
z y
R x y
N

=
= − +
= ≤ ≤ ≤ ≤
=

ˆˆ
g y z

g j k
gN dS g dydx g dydx
g

= +

∇ = +
∇

= ⋅ ∇ = ∇
∇

( )
1 11 1 1 12

00 0 0 00

ˆ ˆˆ( )

1 1( 1)
2 2 2 2

S R R R
F N dS F g dydx zk j k dydx z dydx

y xy dydx y dx dx

= •∇ = + =

⎛ ⎞−
= − + = + = = =⎜ ⎟

⎝ ⎠

∫∫ ∫∫ ∫∫ ∫∫

∫ ∫ ∫ ∫

i i



Example 3:
ˆ

ˆ

ˆˆ

0,0,1
( , )

ˆˆ ˆ (1 )
0 s 1,0 t 1
 upward unit normal

F zk

u i

v j k
P
r s t P su tv

si tj t k
R
N

=

=

= −

=

= + +

= + + −
= ≤ ≤ ≤ ≤
=

( )

ˆ

ˆˆ

ˆˆ ˆ
ˆˆ1 0 0

0 1 1

s

t

s t

s t
s t s t

s t

r i

r j k

i j k
r r j k

r rN dS r r dsdt r r dsdt
r r

=

= −

× = = +
−

×
= ⋅ × = ×

×

( ) ( )
11 1 1 2

0 0 0 0

ˆ ˆˆ( )

1(1 )
2 2

s tS R R R
F N dS F r r dsdt zk j k dydx z dsdt

tt dsdt t dt

= • × = + =

⎛ ⎞
= − = − =⎜ ⎟

⎝ ⎠

∫∫ ∫∫ ∫∫ ∫∫

∫ ∫ ∫

i i



Example 4:
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