THE PLANE TRUTH




Recall that z=m,x+m, y+c Is an equation for a plane.



Recall that z=m,x+m,y+c Is an equation for a plane.

In general, an equation for a plane can be written as
Ax+By+Cz+D=0
where not all of the coefficients A, B,and C equal zero.



Suppose that we are given 2x +3y+4z —-20=0.



Suppose that we are given 2x+3y+4z—-20=0.

Then we claim that the vector vV = 2i + 3] + 4k is perpendicular
to this plane.



Suppose that we are given 2x+3y+4z—-20=0.

Then we claim that the vector v = 2i + 3] + 4k is perpendicular
to this plane.

To see this, notice that (1,2,3)is a point in this plane.



2X+3y+4z-20=0
V=2i+3j+4k P=(1273)

If Q =(x,y,z)is any other point in this plane, then the
displacement vector from P to Q Is:
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@z(x—l)f+(y—2)1+(z—3)lz



2X+3y+4z-20=0
\7:2iA+3]+4I2 ( )
PQ=(x-1)i +(y-2)j+(z-3)k

Furthermore, V+PQ =2(x—1)+3(y-2)+4(z-3)

=2X—-2+3y—-6+4z-12
=2X+3y+4z-20=0



2X+3y+4z-20=0
\7:2iA+3]+4I2 ( )
PQ=(x-1)i +(y-2)j+(z-3)k

Therefore, V L PQ, i.e. Vis perpendicular to PQ.



2X+3y+4z—-20=0
V=2i+3j+4k P=(123)
PQ=(x-1)i+(y-2)j+(z-3)k

Since the point Q In the plane was picked arbitrarily,

Vis perpendicular to any vector PQ in the plane
2X+3y+4z-20=0.



2X+3y+4z-20=0
V=2i+3j+4k P=(123)
PQ=(x-1)i+(y-2)j+(z-3)k

Therefore, Vis perpendicular
to the plane 2x+3y+4y —-20=0.



Similary, if V = Ai + B + Ckis a vector, and if P = (a,b,c)
IS a point, then the plane containing P that Is perpendicular to v

consists of all points Q =(x, Y, z) such that V.PQ =0.



Butv-ﬁéz(Ah Bj+C|2)-((x—a)f+(y—b)]+(z-c)lZ)
=A(x—a)+B(y—-b)+C(z-c)

= AX+By+Cz + A(-a) + B(-b) + C(-c¢) =
=Ax+By+Cz+ D =0.



In other words, whenever we have a plane Ax+ By + Cz+ D =0,

the vector v = Ai + Bj + Ck will be perpendicular to this plane.



And whenever we have a vector vV = Ai + Bj + Ck,
any plane Ax + By + Cz + D =0 will be perpendicular to it.



Another way to look at this Is to start with a plane that contains
the point (0,0,0), such as 2x+3y+4z=0.
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Then if (x,y,2) Is a point in this plane, it follows that

W =xi +yj + zK is a vector that lies in this plane.
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We can now write

2X+3y+4z = 2iA+3]+4I2 o Xi + y]+ k) =0

— 2iA+3]+4I2 1 xf+yj+zl2.
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And finally, if we change the equation to 2x +3y +4z =5,
then all we have changed is the z-intercept, and

21 +3] + 4k is still perpendicular to the plane.
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Now let's start with three noncollinear points in space.




Add the vectors PQ and PR.




Find the cross product N =PQxPR .

N =PQxPR= =41 + 4]+ 4k =(4,4,4)
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Let PS=(x,y,z—-2) be the vector from P =(0,0,2) to an

(X,V,2) In the plane, and find an equation for

arbitrary point S

—_—

the plane by computing PS<N .
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PSeN =4x+4y+47-8=0=>z72=—-X—-Yy+2
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