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TANTALIZING PROPERTIES OF SUBSEQUENCES OF THE FIBONACCI
SEQUENCE MODULO 10

DAN GUYER, ABA MBIRIKA AND MIKO SCOTT

The Fibonacci sequence modulo m, which we denote (5, )52, where 3, ,, is the Fibonacci number F,
modulo m, has been a well-studied object in mathematics since the seminal paper by D. D. Wall in 1960
exploring a myriad of properties related to the periods of these sequences. Since the time of Lagrange
it has been known that (F,, )52, is periodic for each m. We examine this sequence when m = 10,
yielding a sequence of period length 60. In particular, we explore its subsequences composed of every
r-th term of (Fo,,)52, starting from the term Fyo; for some 0 < k < 59. More precisely we consider
the subsequences (J10 k+r j)?io’ which we show are themselves periodic and whose lengths divide 60.
Many intriguing properties reveal themselves as we alter the k and r values. For example, for certain r
values the corresponding subsequences surprisingly obey the Fibonacci recurrence relation, that is, any
two consecutive subsequence terms sum to the next term modulo 10. Moreover, for all r values relatively
prime to 60, the subsequence (Fg s, j)j?ozo coincides exactly with the original parent sequence (F10,,);2
(or a cyclic shift of it) running either forward or reverse. We demystify these phenomena and explore
many other tantalizing properties of these subsequences. Lastly, we end with a few open questions, some
of which ask whether results in this paper generalize to arbitrary moduli, but we provide evidence that
m = 10 may indeed be a very special case.

1. Introduction

A rich source of research on the Fibonacci sequence (F,); , over the past 60 years has been the sequence
reduced modulo m, which we denote (Fy,,,), 2, where &, , equals the Fibonacci number F,, modulo m.
For example, the first 17 terms of the Fibonacci sequence (F;);>, and the corresponding reduced modulo
8 sequence (Fg )2, are as follows:

n |01 23 456 7 8 9 10 11 12 13 14 15 16
F, /0 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610 987
Js,10 11 2 3 5 0 5 5 2 7 1 O 1 1 2 3

It is clear that this modulo 8 sequence repeats at the start of the second occurrence of 0, 1, and hence is
periodic of length 12 as shown above in bold blue. As far back as the 18-th century, Lagrange was aware of
these reduced Fibonacci sequences and knew that (5, )2, is periodic for every m. In a ground-breaking
paper in 1960, Wall introduced these so-called Pisano periods, the length of the repeated Fibonacci
sequence pattern modulo m and was the first to prove a number of fundamental results regarding these
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Figure 1. The Pisano period (& 10,,,)2 o With values equally spaced.

periods [9]. And since then, much research has been done on this topic of the Fibonacci sequence modulo
m from a variety of perspectives [2; 3; 4; 6; 7].

It is the goal of this paper to explore some properties of the sequence (F, )2, when m = 10. This
modulo 10 sequence has a Pisano period of length 60. The sequence of 60 Fibonacci values Fy, ..., Fsg
modulo 10 can be pictorially represented by equally spacing the 60 sequence entries F109, ..., F10,59
around a circle clockwise starting with J¢ o placed at the top at O degrees as in Figure 1. We investigate
the subsequences composed of equally spaced terms of (F10,,);2., that is, every r-th term of (F19,,)5-
starting from the term Fjg; for some 0 < k < 59. More precisely we consider the subsequences
G10.k+r j);?‘;o, which themselves are necessarily periodic with period length dividing 60.

The advantage of viewing the parent sequence (F10,,); -, in this circular manner in Figure 1 is that
it allows us to study subsequences as convex and nonconvex star polygons inscribed within the circle
itself. For example, if we set k = 3 and r = 25, then we get the star polygon {%} corresponding to the
subsequence (J19, 3+25 j)?io shown in Figure 2. In Appendix A1, we give a visual step-by-step construction
of the subsequence diagram in this figure. By looking at the vertex labels on this star polygon (in the order
that they occur) starting at the first subsequence term Jg 3 = 2 towards the top-right of the figure, it is
interesting to note that this subsequence has a length 12 period as follows: (2,1,3,4,7,1,8,9,7,6,3,9).
This is surprisingly the complete period of the Lucas sequence modulo 10. Moreover, it satisfies a
Fibonacci-like recurrence: Fi1q x4r(j—1) + F10,k4rj = F10,k+r(j+1) (mod 10). We call subsequences that
satisfy this type of recurrence a forward quasi-Fibonacci subsequence, and we explore such patterns in
Section 3. Equivalently, there is a notion of a reverse version of such quasi-Fibonacci subsequences.

However, the most tantalizing properties occur in subsequences (19, k+r j)?io for which the value r
lies in the unit group U(60) of integers modulo 60. For example, for k = 15 and r = 13, we get the
star polygon {%} corresponding to the subsequence (F, 15+ 13.,-)?":0 shown in Figure 3. The miraculous
aspect of this subsequence is that its length 60 period is exactly the 60 terms of the complete period of
the Fibonacci sequence modulo 10. More precisely, despite the repetitive jumps of gap size 13 between
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Figure 3. Subsequence diagram corresponding to (F19,15+13 j)j?‘;o.

each subsequence term, this subsequence (J0,15+13 J)?.;O is exactly the parent sequence (Fio,,)5oc,. We
call sequences whose period is exactly that of the Fibonacci sequence modulo 10, or a cyclic shift of it, a
forward complete Fibonacci subsequence, and we explore such patterns in Sections 4. Equivalently, there
is a notion of a reverse version of such complete Fibonacci subsequences.
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The breakdown of the paper is as follows: In Section 2, we give some preliminary definitions and
well-known identities used in our proofs. We also define the three types of subsequence diagrams that
can occur as we vary the value r. In Sections 3 and 4, we explore quasi-Fibonacci subsequences and
complete Fibonacci subsequences, respectively. Lastly, in Section 5, we give a variety of open problems
related to our research.

2. Preliminaries

2A. Definitions and identities.

Definition 2.1. The Fibonacci sequence (Fy);>, and Lucas sequence (L), , are defined by the recur-
rence relations F,, = F,,_1 + F,_p and L,, = L,_| + L,—5, respectively, with initial conditions Fy = 0,
Flzl,LOZZ, andL1 =1.

Below we give some well-known identities, which we use in this paper. Proofs of these results can be
found in numerous sources (for example, Koshy [5] or Vajda [8]).

Proposition 2.2. For all n, m € Z, the following five identities hold:

)] Fop=(=1)""F,

) 2 divides F, <= 3 dividesn,

3) 5 divides F, <= 5 dividesn,

4) L,=F, 1+ Fyy1,

&) Foim = Fo1En+ FuFpya.

Definition 2.3. The Fibonacci sequence modulo m is the sequence (Fy, )~ where F,, , is the least
nonnegative residue of the value F;,, modulo m.

Example 2.4 (The Fibonacci sequence modulo 10). Consider the following table of Fibonacci numbers
F,, and their corresponding values modulo 10 for n =0, ..., 15 (the usage of the yellow highlighting and
red bold font reflect the results of Lemma 5.1 which states that g , = 5 if and only if 5 divides n and 15
does not divide n, and, moreover, J19 , = 0 if and only if 15 divides n):

n |01 2 3 456 7 8 9 10 11 12 13 14 15
F, 10 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
Jon0 1 1 23 58 3 1 4 5 9 4 3 7 0

Since the F, values grow large very quickly, in the tables below we give only the values g, for
n=16,...,60:

n |16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38
Fwon|7 7 4 1 5 6 1 7 8 5 3 8 1 9 0 9 9 8 7 5 2 7 9

n |39 40 41 42 43 44 45 46 47 48 49
Fon|6 5 1 6 7 3 0 3 3 6 9

50 51 52 53 54 55 56 57 58 59 60
5 4 9 3 2 5 7 2 9 1 0

It is clear that Fgo =0 (mod 10) and Fg; =1 (mod 10); moreover, we also have r = 60 being the smallest
positive value r such that F, =0 (mod 10) and F,;; =1 (mod 10). Observe that the reduced sequence
(F10,n)52 is periodic with period length 60. Using Definition 2.6 to follow, we will say 7 (10) = 60.
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The previous example shows that modulo 10, the Fibonacci sequence is periodic. This however is not
unique to the value 10. The following proposition proves that the sequence (F, )2, is periodic for all
moduli values m.

Proposition 2.5. The Fibonacci sequence (F,, )52 is periodic.

Proof. For ease of notation let 8 denote (F, )2, Clearly 8 is completely determined by any two
adjacent terms since 8 obeys the Fibonacci recurrence F,, , = Fy n—1 + Fpn.n—2 (mod 10) for all n > 2.
Hence 8 is periodic if and only if any two ordered pairs of two adjacent terms coincide. But since all the
sequence terms are elements of the set {0, 1, ..., m — 1}, there are m? possible ordered pairs i, j where
0 <i, j <m — 1. Indeed no two adjacent terms will ever be 0, O so there are at most m?—1 possible
distinct ordered pairs. Hence by the pigeonhole principle no sequence 8 can exceed length 2(m? — 1)
without repeating a pair of adjacent terms. Thus § is periodic. U

Definition 2.6. The Pisano period of the sequence (F,, )2, is the smallest positive integer r such that
the congruences F,, =0 (modm) and F,.; = 1 (modm) hold; that is, ¥, , =0 and J,, ,11 = 1. We
denote this period 7 (m).

Remark 2.7. By abuse of language, we sometimes use the term Pisano period to refer to the terms of the
first complete period, namely, F,, 0, T 15 -+ - T zom)—1-

2B. The three types of subsequence diagrams. For each k and r value, the subsequence (0 k- j);’.io
of the sequence (F0,,);~, corresponds to a unique subsequence diagram in the (F0,,); - -circle (see
Figure 1), and this subsequence diagram depends only the jump size r. The value r determines whether
the subsequence diagram is either a convex regular n-gon or a nonconvex star polygon with n vertices,
where n is both the period length and the number of vertices. The value n is easily determined by the
value r as Proposition 2.10 yields. Before we prove this proposition, we first remind the reader of the
definition of a star polygon.

Definition 2.8. A star polygon {g} with n, g € N and n > 3 is the graph formed by connecting every
g-th point out of n regularly spaced points lying on a circumference of a circle. A nonconvex polygon
arises if gcd(n, g) =1 and g # 1. A convex regular n-gon arises if ¢ = 1.

Example 2.9. Consider the three different subsequence diagrams corresponding to the sequences
F10.k+r j)j?‘;o with starting value k = 3 and the jump sizes varying over the three values r =12, 25, and 17,
respectively. In Figure 4, we draw these diagrams. The subsequence (F19 3412 ,)°° o corresponds to the
star polygon { } (that is, a regular 5-gon) in the far left of the figure. The subsequence (J10.3425 ]) 20
corresponds to the star polygon { } in the middle of the ﬁgure Lastly, in the far right of the figure, the
subsequence (F103+17 ]) ~ o corresponds to the star polygon { } In Theorem 2.15, we give conditions
on the value r that determlne the diagram type.

Proposition 2.10. Given a jump size of r € {1, ..., 60}, the subsequence diagram corresponding to
(?10,k+rj)?io has n vertices where n = lcm(r, 60)/r. Equivalently, we have n = 60/gcd(r, 60).

Proof. Since the subsequence diagram corresponding to (Fo k- j)?io has the same shape up to rotation
regardless of the value k, it suffices to consider the subsequence (I, ,j)‘]’.io. Let n denote the number
of vertices of the subsequence diagram. Then these n vertices are connected by edges in the following
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Figure 4. Subsequence diagrams for (Fj03+12 j)?O:O’ (F10.3425 J-)?OZO, and (19,3417 J-)ﬁozo.
sequence of points on the (F10,4);2,-circle: F10,0, F10,r» F10,25 - - - » F10,0r, Where n is the least positive

integer such that nr is a multiple of 60. Hence nr must be the smallest value that is both a multiple of

r and 60, and thus nr = lcm(r, 60). Solving for n we get n = lecm(r, 60)/r as desired. Moreover since

ged(r, 60) - lem(r, 60) = 60r holds trivially, dividing by r we get

Icm(r, 60) B 60r
. .

r

gcd(r, 60) -

Substituting n for lem(r, 60)/r in the latter yields ged(r, 60) - n = 60, and this implies the equivalent
formula n = 60/gcd(r, 60). [l

Corollary 2.11. The subsequence (F10 k+r j)?io is periodic of length 60/gcd(r, 60). In particular, the
period of (3"10,k+rj);?’;0 divides the period (10), where w(10) = 60.

Proof. Consider the values ?10,](, .r:lt](),k_'_r, Stl()’k+2r, ey -rJth,k-i-(n—l)r where n = 60/gcd(r, 60). We claim
that these first n values of the subsequence (F¢ k- j)?io give a complete period of the subsequence
(F10.k+r j)?io This follows since in the subsequence diagram if we travel from the vertex corresponding
to the J10 k+x—1)--value to the vertex corresponding to the JFo x+,--value, then we return back to the
starting vertex corresponding to the first sequence term J¢ . Hence (F1¢ k- j)?o:() is periodic and has
length n = 60/gcd(r, 60). Clearly n divides the period 7 (10) = 60. U

Remark 2.12. Forr € {1, 2, ..., 59}, the subsequence diagrams for (F 10,k+,j)3?’;0 and (F10, k+@60—r) j)?o:o
will coincide. However, the actual terms of the subsequences will be reversals of each other. For
example, the subsequence (F19 3412 j)?io in the far left of Figure 4 is the sequence repeating the period
(2,0, 8, 6,4). Whereas, the subsequence (F10,3+(60—12) j)?io would be the sequence repeating the period
(2,4,6,8,0,2).

Before we prove Theorem 2.15, which classifies the three types of subsequence diagrams, we prove a
useful lemma used in the proof:

Lemma 2.13. Let a, b € N. Then the following identity holds:

b
ged ¢ , =1
gcd(a, b)  ged(a, b)
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Proof. Let d = ged(a, b). It suffices to write 1 as an integer linear combination of & and %. Observe that
by Bézout’s identity, we know there exists integers x, y € Z such that ax + by = d. Dividing both sides
by d, we get 5x +2 7y =1. Hence § and g are relatively prime and the result holds. U

Remark 2.14. Since the identity gcd(r, 60) = ged(60 — r, 60) always holds, the values n and ¢ in
Theorem 2.15 will also coincide whether we have a jump size of r or a jump size of 60 — r. So we
consider subsequences of the latter two jump sizes to be of the same type. In particular for  equal to 1
or 59, we take the convention of considering the subsequence diagrams for (F 10’k+,‘,~)?°;0 to be of Type 3
even though they appear as convex polygons.

Theorem 2.15. Let r € {1,...,59}). Then for all starting k-values, the subsequence (3”10,k+rj)j?°=0
corresponds to either a convex star polygon {g} (that is, ¢ = 1 so we have a regular n-gon) or a
nonconvex star polygon {3}, where in both cases n = 60/gcd(r, 60) and g = r/gcd(r, 60). In particular,
we get the following three types of subsequence diagrams dependent on the value r:

o Type 1: If r or 60 — r divides 60, then a regular n-gon arises.

o Type 2: If neither r nor 60 — r divides 60 and gcd(r, 60) > 1, then a nonconvex star polygon {g}
arises.

o Type 3: If gcd(r, 60) = 1 and r is neither 1 nor 59, then a nonconvex star polygon {6q—0} arises. If r
equals 1 or 59, then a convex star polygon {60} arises.

Proof. Letr € {1, ..., 59}. By Proposition 2.10, the number of vertices of the corresponding subsequence
diagram of (10 k+r ,) ~o 18 n =60/gcd(r, 60). Observe that each edge in the subsequence dlagram
corresponds to exactly two consecutive terms o x+rj, and Fio x+r(jp+1) in the period (Fig g4rj)i_ =0 Lof
the subsequence (F1g k+r J) o for some jo € {0, 1, ,n — 1}. Hence the diagram produced is either a
convex Or nonconvex star polygon {q } formed by connectlng every g-th point out of n regularly spaced
points on the 60-point (F19 ,);~-circle. We claim that this g value is r/gcd(r, 60). To show this, first
observe that since there are exactly 60 points on the (F1o,,);-,-circle and the subsequence diagram is
inscribed inside this circle, the distance between each vertex in the subsequence diagram is en_o points apart
in the (F10,4)5-circle. Moreover, any given vertex F1o x+,j, in the subsequence diagram is adjacent to
vertex F10,x+r(jo+1)> and these two adjacent vertices are r units apart in the (F9,,);2 -circle. Thus there
are exactly r/(60/n) vertices of the subsequence diagram contained in this interval of r points. Hence
q equals r/(60/n). Since n = 60/gcd(r, 60), we have the sequence of equalities yielding the desired
formula for g as follows:
r r r

60/n _ 60/(60/gcd(r, 60))  ged(r, 60)°
Using these two formulas n = 60/gcd(r, 60) and g = r/gcd(r, 60), we classify three types of subse-

quence diagrams dependent only on the jump size . Recall, by Definition 2.8, a star polygon {’7 } is
nonconvex if ged(p, g) =1 and g # 1, and it is convex if ¢ = 1. There are three cases to consider:

q:

Case 1: If r or 60 — r divides 60, then gcd(r, 60) = r and hence ¢ = 1. Thus the star polygon {%}
produced is convex and is a regular n-gon. We call this Type 1.

IHistorical remark: though Bézout is attributed to this identity in the 18-th century, this result was known by the Indian
mathematician Aryabhata in the 5-th century.
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Figure 5. Subsequence diagrams for (.rJt]()y()_'_gj)?iO, (9710’0_,_21]')?.;0, and (9710’0_,_27]')?.;0.

Case 2: If neither » nor 60 — r divides 60 and gcd(r, 60) > 1, then gcd(r, 60) # r and hence g # 1. By

Lemma 2.13, we have
60 r
gcd(n, g) = ged , =1
gcd(r, 60)  ged(r, 60)

Thus the star polygon {g} produced is nonconvex and has less than 60 vertices since we have n =

gcd(r, 60) < 60. We call this Type 2.

Case 3: If ged(r, 60) =1 and r is neither 1 nor 59, then n = 60 and ¢ = r and hence gcd(n, g) = 1. Also
observe that g # 1 by assumption and hence g > 1. Thus the star polygon {%} produced is nonconvex
and utilizes all 60 points of the (F10,4);2,-circle as its vertices. We call this Type 3. On the other hand, if
r=1orr =259, then again n = 60 and ¢ = r and hence the star polygon {6q—0} produced is convex and
utilizes all 60 points of the (F19,5)5,-circle as its vertices. We also call this Type 3. O

Remark 2.16. Different r values can yield diagrams of Type 2 with the same number of vertices. For
instance, let kK = 0 and consider the r values 9, 21, and 27. Then it is easily computed using the formula
n = 60/gcd(r, 60) that n = 20 for all of these r values. However, when computing the g values given by
the formula ¢ = r/gcd(r, 60), we get the corresponding g values 3, 7, and 9, respectively. This yields the
20 }’ {20

corresponding star polygons {? = }, and {% }, respectively, shown in Figure 5.

3. Quasi-Fibonacci subsequences

In this section, we examine an interesting class of subsequences (¢ k- j)?io that exhibit a Fibonacciesque
recurrence relation. We make this precise in the following definition:

Definition 3.1. The subsequence (&F 10,k+,j)j?°:0 is called a forward quasi-Fibonacci subsequence if
its terms satisfy the recurrence relation F1o x4r(j—1) + F10,k4+rj = F10,k+r(j+1) (mod 10) for all j € Z.
The subsequence (F10 k+r j)?io is called a reverse quasi-Fibonacci subsequence if its terms satisfy the
recurrence relation F1o k4r(j+1) + F10,k+rj = F10,k4r(j—1) (mod 10) for all j € Z.

Example 3.2. Consider the subsequence (Fg k- j)‘]’.io with k =3 and jump size r =25. By Theorem 2.15,

this subsequence is periodic of length n = 60/gcd(25,60) = & = 12 and has a g-value of ¢ =

5
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25/gcd(25,60) = 5. Hence it turns out that the corresponding subsequence diagram is the Type 2
star polygon {%} In Appendix A1, we show step-by-step how this diagram is built in 12 consecutive
steps. This subsequence repeats the following 12 period terms:

2,1,3,4,7,1,8,9,7,6,3,9, ...

It is readily verified that F10 x4r(j—1) + F10,k4+rj = F10,k+r(j+1) (mod 10) for all j € Z, when k =3 and
r = 25, and hence this is a forward quasi-Fibonacci subsequence. As we will prove in Theorem 3.7, the
fact that (F10,.3+25 j)ﬁio is a forward quasi-Fibonacci subsequence follows since our r-value of 25 satisfies
the two conditions » = 1 (mod 4) and 3 does not divide .

Remark 3.3. It is worthy to note that the 12 terms that comprise the complete period of the subsequence
(J10.3+25 j)j?‘;o given in the previous example are exactly the terms in the period of the Lucas sequence
modulo 10. That is, we have

(9710,3+25j)?10 = (Ln (mod 10))20:0 = (2, 1, 3, 4, 7, 1, 8, 9, 7, 6, 3, 9, PN )

This same phenomena occurs if we change our jump size from r = 25 to r = 5, as we will see in
Section 5A4. That is, we have

(3:’10,34-5])3)0:0 = (Ln (mOd 10))2020 = (29 1’ 37 4» 7v 17 87 9v 7, 6’ 3’ 95 e )

To prove the results in this section, we rely on the well-known identities given in Proposition 2.2. From
identities (1) and (5) in particular, we have the next two results, which are used often in the next two
subsections and the proofs of our main results of this section, namely Theorems 3.7 and 3.9.

Lemma 3.4. The following identity holds:

—J10.n (mod 10) ifn is even,

F10,-n = .
F10., (mod 10) ifn is odd.
Proof. Result follows immediately from identity (1) of Proposition 2.2. (I

Lemma 3.5. Forall m,n € Z, the following identity holds:
F10,n4m = F10,n-1 F10,m + F10,n F10,m+1 (mod 10).
Proof. Result follows immediately from identity (5) of Proposition 2.2. ([

3A. Forward quasi-Fibonacci subsequences.
Lemma 3.6. [fr =1 (mod 4) and 3 does not divide r, then 1 + F 91— = F19,r+1 (mod 10).

Proof. Let r € N such that r =1 (mod 4) and 3 does not divide r. Since r = 1 (mod 4) implies that
r is odd and hence 1 — r is even, it follows that 9 j—, = — F0,,—1 (mod 10) by Lemma 3.4. Hence
it suffices to show Fig,—1 + F10,,+1 = 1 (mod 10) since that would imply the following sequence of
implications:
F10-1+F10,41=1 (mod 10) = —TF0,1—r +F10,,41 =1 (mod 10)
— 1+310,1-r =F10,,41 (mod 10).
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By assumption we know 3 does not divide r, so exactly one of r — 1 or » + 1 is divisible by 3. Therefore,
by identity (2), exactly one of F,_; or F,1; is even and consequently JFg ,—1 + F10,,+1 (mod 10) is
odd. Thus this sum modulo 10 must be congruent to an element of the set A = {1, 3,5, 7, 9}. Since
F._1+ Fy41 = L, by identity (4), it follows that 10 ,—1 + JF10,+1 = L, (mod 10). Observe that the
Lucas sequence modulo 5 has a period of length 4 as follows:

(L, (mod5))52,=(2,1,3,4,2,1,3,4,...).

So for r =1 (mod 4), we have L, =1 (mod 5) and thus L, modulo 10 must be congruent to an element
of the set B = {1, 6}. Since F10,—1 + F10,4+1 = L, (mod 10), then Fyg 1 + F10,+1 modulo 10 lies in
AN B = {1}. Therefore Fig -1 + F10,,+1 =1 (mod 10) and the result follows. O

Theorem 3.7. Ifr = 1 (mod 4) and 3 does not divide r, then (F10 k+r j);?‘;o is a forward quasi-Fibonacci
subsequence for all k > 0. More precisely for all j € Z, we have

Fr0h+rGi-1) + F10k+rj = F10,k4r(+1) (mod 10).

Proof. Fix k € NU {0}, and let » € N such that r = 1 (mod 4) and 3 does not divide r. Observe the
sequence of equalities and congruences

F10.k4+rG-1) FF10.k4rj = F10,k4rj + F10, k1)) —r
= F10,k4rj +(F10,krp)—1 F10,—r +F 10,44+ F10,—r4+1) (mod 10) by Lemma 3.5,
= F10,tk+rj)—1 F10,—r +F10,k4rj (1+TF10,1—r) (mod 10)

= F10,Gk4rj)—1 T10,—r + T 10,k4+j F10,,+1 (mod 10) by Lemma 3.6,
G = F10,c+rj)—1 F10,r +F10,k4rj F10,,+1 (mod 10) by Lemma 3.4,
= J10,(k+rj)+r (mod 10) by Lemma 3.5,

= F10,k+r(j+1) (mod 10),

where congruence () holds since r =1 (mod 4) implies r is odd. Hence the result follows. O

3B. Reverse quasi-Fibonacci subsequences.
Lemma 3.8. Ifr =3 (mod 4) and 3 does not divide r, then 1 + JF 1 41 = F10,1—r (mod 10).
Proof. Let r € N such that »r = 3 (mod 4) and 3 does not divide r. Since r = 3 (mod 4) implies that

r is odd and hence 1 —r is even, it follows that F9 1—, = — F10,,-1 (mod 10) by Lemma 3.4. Hence
it suffices to show F1g,—1 + T 10,41 =9 (mod 10) since that would imply the following sequence of
implications:
Fro,1+Fr0,41 =9 mod 10) = —(Fro,—1 +Fio,+1) =1 (mod 10)
- F10,1—r — F10,+1 =1 (mod 10)
== 1+ F10,,41 = F10,1-r (mod 10).
As in the proof of Lemma 3.6, the sum J¢ -1 + J19 +1 modulo 10 must be congruent to an element

of the set A ={1, 3, 5,7, 9}, and moreover, Fo,—1 + J10.r+1 = L, (mod 10). However this time since
r =3 (mod4), we have L, =4 (mod 5) and thus L, modulo 10 must be congruent to an element of
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the set B = {4, 9}. Since F19,—1+ F10,+1 = L, (mod 10), then Fyg -1 + F10,+1 modulo 10 lies in
AN B ={9}. Therefore F9,—1+ F10.r+1 =9 (mod 10) and the result follows. O

Theorem 3.9. Ifr =3 (mod 4) and 3 does not divide r, then (F10 k+r j)ﬁ‘;o is a reverse quasi-Fibonacci
subsequence for all k > 0. More precisely for all j € Z, we have

Fr0.k4rG+1) + F 1044 = F10,44r(j—1) (mod 10).

Proof. Fix k € NU {0}, and let » € N such that r = 3 (mod 4) and 3 does not divide r. Observe the
sequence of equalities and congruences
Fro4rG+1) + Fr0k40r) = Fr0.k4rj + F10,(k+rj)+r
= F10,k4rj +(F10,kr)—1 F10,r + F10,k4+j F10,,41) (mod 10) by Lemma 3.5,
= F10,¢k4rp)—1 F10,r + F10,4k4rj (1 +F10,,41) (mod 10)
= F10,k4rp)—1 F10,r + F10,k4rj F10,1-» (mod 10) by Lemma 3.8,
9 = F10,0rj)—1 T10.~r + F10.4+r; F10.1—r (mod 10) by Lemma 3.4,
= F10,k+rj)—1 F10.—r + F10,4+rj F10,—r+1 (mod 10)
= F10,(k+rj)—r (mod 10) by Lemma 3.5,
= F10,k4r(j—1) (mod 10),

where congruence () holds since r = 3 (mod 4) implies r is odd. Hence the result follows. U

4. Complete Fibonacci subsequences

In Remark 3.3, we noted that certain subsequences (10 k+r J-);?‘;O exhibited periods that were exactly the
complete length 12 Lucas sequence modulo 10. In this section, we unveil the most tantalizing of the
subsequences (F1g kr j);’ozo, namely ones that yield periods which are the complete length 60 Fibonacci
sequence modulo 10. We make this more precise in the definition below.

Definition 4.1. The subsequence (F1g t+r j)?ozo is called a forward (resp. reverse) complete Fibonacci
subsequence if it is a forward (resp. reverse) quasi-Fibonacci sequence with a Type 3 subsequence
diagram, in which case (J10 k+r j)?io coincides with (F9,,)52 N, (resp. (F 10,,1);3\,,( ,) for some N, in
{0,1,...,59}. ’

Example 4.2. Consider the subsequence (Jg k+r j)?o:o with £k =9 and r = 13. By Theorem 2.15, this
subsequence is periodic of length n = 60/gcd(13, 60) = 60 and has g = 13/gcd(13, 60) = 13. Hence the
corresponding diagram is the Type 3 star polygon {% }

In Figure 6, we show the first ten edges of this diagram starting at the first subsequence term, vertex
F10.9, and proceeding clockwise jumping every 13 points. Observe that the 60 terms of the first period

(J10.9+13 j)§920 arising from the vertex labels in the subsequence diagram are as follows:

4’ 1’57 6’ 1’77 8’ 57 37 87 1797 07 97 97 87 77 57 27 77 9’ 61 57 1’6’ 77 3’ 0’ 37 3’
6,9,5,4,9,3,2,5,7,2,9,1,0,1,1,2,3,5,8,3,1,4,5,9,4,3,7,0,7,7.
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8999918

4

Figure 6. First ten edges of the (F19.9+13 j)f:o diagram.

revU0) |1 3 7 9
rleu0) |1 7 3 9

Table 1. The group U(10) and its inverses.

Surprisingly, we recover the original Fibonacci sequence modulo 10 in its forward direction; more
precisely, the subsequence (?10’9+13J’)?O:0 is exactly (3’"10,;2)?10:]\,“ for some Ny, € {0,1,...,59}, and
hence (F10.9+13 j)?ozo is a forward complete Fibonacci subsequence.

In red, we highlight the last 18 elements in the period of the subsequence. In these last 18 elements we
see the original parent sequence (F19);7, beginning. Observe that in the subsequence (F10,9413 j)j?‘;o,
this begins at the index j = 60 — 18 = 42. Indeed, knowing that the 42-nd term in the subsequence is
precisely where the original Fibonacci sequence modulo 10 begins is crucial in finding the value Ny i3,
which in this case happens to be the number 18 itself; that is, (F10,9+13 j)?ozo is exactly the sequence
(Fron)5e Nois where Ng 13 = 18. In Section 4C, we show how to explicitly compute this Ny . value for
any complete Fibonacci subsequence (J¢, k- j)?o:o via the method given in Algorithm 4.15.

4A. Group theoretic preliminaries. Before we give the main results of this section, we first recall some
necessary group theory relevant to our Fibonacci setting.

Definition 4.3. The multiplicative group of units modulo m is the set of congruence classes in the ring
Z/mZ represented by integers coprime to m. Taking the least residue class representatives and denoting
this set of units by U(m), we have U(m) :={1 <r <m — 1| gcd(r, m) = 1}. The size of U(m) is ¢ (m)
where ¢ is the Euler phi function.

In this section, we are concerned primarily with the groups U(10) and U(60). The group U(10) has
size ¢ (10) = 4, and its elements and corresponding inverses are given in Table 1.
The group U(60) has size ¢ (60) = 16, and its elements and corresponding inverses are given in Table 2.
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re@0) (1 7 11 13 17 19 23 29 31 37 41 43 47 49 53 59
r~leU®0) [ 1 43 11 37 53 19 47 29 31 13 41 7 23 49 17 59

Table 2. The group U(60) and its inverses.

reU@©0) |1 7 11 13 17 19 23 29 31 37 41 43 47 49 53 59
r(modl) |1 7 1 3 7 9 3 9 1 7 1 3 7 9 3 9
F1o0.r 1P 3 9 3 7 1 7 9 9 7 1 7 3 9 3 1

Table 3. Jo , values when r € U(60) with r = 1 (mod 4) in blue and r =3 (mod 4) in red.

By examining Table 2, we observe a remarkable connection between each subscript r and the value
F10,r,» whenever r lies in U(60). We state this intriguing result in the following lemma:

Lemma 4.4. Forall r € U(60),

r (mod 10) ifr =1 (mod4),

Fror= { .
—r (mod 10) ifr =3 (mod 4).

Proof. By brute force verification of the sixteen Jo , values in Table 3, this result is confirmed. O

The next lemma will be helpful when we prove the main results of this section. Like the previous
lemma, this lemma can be verified by brute force verification of each of the sixteen J¢  values; however,
we provide a more intuitive proof that explains why this intriguing statement is true.

Lemma 4.5. Ifr € U(60), then Fyo., € U(10).

Proof. Let r € U(60). Then certainly neither 3 nor 5 divides r. identities (2) and (3), respectively, of
Proposition 2.2 imply the following two equivalencies:

3 divides r <= 2 divides Jg.,,
5 divides r <= 5 divides Jp ;.

Therefore if r € U(60), then neither 2 nor 5 can divide Jg . Thus Fg, must be one of 1, 3, 7, or 9.
Hence J¢, € U(10) as desired. O

The fact that U(10) is a multiplicative group, and hence closed under inverses, allows one to prove the
following useful lemma:

Lemma 4.6. Letr € U(60). Then F19. 0 T10,, =1 (mod 10) for some M € Z. In particular, these specific
choices of M work:
01 if Fror =1,
I5+1 if Fio, =3,
45£1 if Fi,=17,
301 if Fro,=09.
Proof. Let r € U(60). By Lemma 4.5, we know Jo, € {1, 3,7, 9}. This set is the group U(10), and

hence every element has a multiplicative inverse. Therefore, many choices of M € Z exist such that
F10,m F10,- =1 (mod 10) since the values 1, 3, 7, and 9 all appear in the (F19,,),2, sequence. To find
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the particular choices of M given in the lemma statement, set M; := 15i and r; := 3/ (mod 10) for
i €{0, 1,2, 3}. Then we get the following table of values:

i 0 1 2 3

M; 0 15 30 45

n |1 3 9 7
Fom+ |17 9 3

One easily verifies for each i € {0, 1, 2, 3} that if F, = r;, then Fjo p,+1 F10,» =1 (mod 10), and the
result follows. O

4B. Forward and reverse complete Fibonacci subsequences. To prove the main results of this subsec-
tion, we need the next two lemmas. This first one analyzes the arithmetic progression of subscripts in the
subsequence (F10 k+r J) ~ o to provide an argument why there are exactly four equally spaced zeros in the
length 60 period of the subsequence (F10,k4rj) 52 0 when r € U(60):

Lemma 4.7. Ifr € U(60), then the arithmetic progression sequence (k +rj )3920 contains exactly four
terms divisible by 15. Moreover, these four terms are equally spaced apart in consecutive jumps of size 15.
In particular, each period of (310 k+r J');'io contains exactly four equally spaced zeros.

Proof. Let r € U(60) and consider (k 4 rj)32,. We will show that 15 divides the term k + rjy for
some jo € {0, 1,..., 14}, and that the remaining three terms divisible by 15 are k + r(jo + 15i) for
i =1,2,3. We claim the first 15 terms give distinct residue classes modulo 15. To that end, suppose
k+ra=k+rb (mod 15) for some 0 <a < b < 14 and hence we have ra =rb (mod 15). But r € U(60)
implies ged(r, 15) = 1 and so @ = b (mod 15). So, by the pigeonhole principle, exactly one of the
first 15 terms is congruent to 0 modulo 15, that is, 15 divides the term k + rjy for exactly one value
jo€{0,1,...,14}. Now suppose 15 also divides k + r(jo + ¢) for some ¢ > 1. Then 15 divides the
difference [k +r(jo+1t)] — [k +rjol, which is rt. But r € U(60) implies 15 does not divide r, and hence
15 must divide ¢. Thus the four terms in (k + rj)§9:0 divisible by 15 are k +r(jo + 15i) fori =0, 1, 2, 3.

Consequently, by Lemma 5.1, the terms Fq x4, (jo+15:) fori =0, 1, 2, 3 are the only terms in the first
period of the subsequence (J1¢ k+r j)?io equal to 0, and in particular, each period contains exactly four

equally spaced zeros. U
Corollary 4.8. If r € U(60), then in the arithmetic progression sequence (k + r ])59
divisible by 15 are congruent modulo 60 to the four values 0, 15, 30, 45, in some order

o the four terms

Proof. When r is in U(60), the subsequence diagram corresponding to (Jo, k+,j) °o 1s Type 3 by
Theorem 2.15, and hence the period (F10 x4 ]) 7o Uses every vertex in the (F10,4)52 c1rcle In particular,
the subsequence diagram for (Jg, k+r]) ~ o includes vertices Fy,15; for each i € {0, 1, 2, 3}. Hence the
four subscripts k + r(jo + 15i) for i = 0 1, 2, 3 divisible by 15 are congruent modulo 60 to the four
values in the set {0, 15, 30, 45}. O

Lemma 4.9. If r € U(60), then there exists a 0 followed by a 1 in the period (9’10,k+rj)§.9:0 of the
subsequence (F10 jtr j)?‘;o.

Proof. By Lemma 4.7, for r € U(60) the period (¢, k+r J')?:O of (F10.k+r j)?o:o contains four equally
spaced zeros. Moreover, these four zeros occur at Fyo x4r(jo+15) fori =0, 1,2, 3, where Fig x,j, 18
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the first zero of the period for some jy € {0, 1, ..., 14}. For ease of notation, set ; := jo+ 15i. Then
F10.k+rh; = 0 and 15 divides k +rh; for all i € Z. Observe that

F10.k4rhi+1) = F10,k4rhi+r
= F10,k+rhi)—1 Fr0,r + F10,k4r0; F10,,.41 (mod 10) by Lemma 3.5,
= J10,(k+rhi)—1 F10,» (mod 10),

where the second congruence holds since J¢ x+,1, = 0 in the first congruence. It suffices to show that we
can choose an i € {0, 1, 2, 3} such that F19, k4r1,)—1 is the multiplicative inverse of F1¢ , in the group U(10).
However, that is precisely what Lemma 4.6 states. Observe that Fj9.0+1 = 1, F10,1541 =7, F10.30£1 =9,
and J0.45+1 = 3, so regardless of what value Jq , is in the set {1, 3,7, 9}, Lemma 4.6 guarantees the
existence of an inverse of the form J¢ 15,41 for some i € {0, 1, 2, 3}. As a consequence of Corollary 4.8,
the sets {S"lo,(kﬂhi),l}?zo and {3"10’15,;1}1.3:0 coincide. Hence we can choose an i € {0, 1, 2, 3} such
that F10,k+r;+1) = F10,(k+rhi)—1 T10,» = 1 (mod 10), and thus for this i we have Fio k41, = 0 and
F10,k+r;+1) = 1 so there is a O followed by a 1 in the period (3"10,“,]-)?9:0. O

We are now ready to prove the main results of this subsection in Theorems 4.10 and 4.11. Though the
two proofs look very similar, there are enough important subtle differences to give thorough proofs for
each.

Theorem 4.10. Let r € U(60) such that r = 1 (mod 4). Then (F 10,k+rj)‘c;io is a forward complete
Fibonacci subsequence.

Proof. Given that r € U(60) with r = 1 (mod 4), the results of Theorem 2.15 and 3.7 together imply that
F10.k+r j);?‘;o is a forward quasi-Fibonacci subsequence with a Type 3 diagram. That is, the subsequence
satisfies the recurrence F10 x4(j—1) + F10,k4rj = F10,k4-(j+1) (mod 10) for all j € Z and is periodic of
length 60. Moreover, by Lemma 4.9, we know that this length 60 period (F 1o,k+,j)§9:0 contains a 0
followed by a 1, and hence the subsequence (¢ i+ j)?io coincides with the original parent sequence
(?10,,1)20:,\,“ starting at some index N, € {0, 1, ..., 59} dependent on the values k and r. We conclude
that (J10 k+r j)?io is a forward complete Fibonacci subsequence. O

Theorem 4.11. Let r € U(60) such that r = 3 (mod4). Then (F 10,k+rj)?io is a reverse complete
Fibonacci subsequence.

Proof. Given that r € U(60) with r =3 (mod 4), the results of Theorem 2.15 and 3.9 together imply that
(T 10.k+r f)?iO is a reverse quasi-Fibonacci subsequence with a Type 3 diagram. That is, the subsequence
satisfies the recurrence F10 k4r(j+1) + F10,k4+rj = F10,k+r(j—1) (mod 10) for all j € Z and is periodic of
length 60. Moreover, by Lemma 4.9, we know that this length 60 period (J¢ k- j)§9:0 contains a 0
followed by a 1, and hence the subsequence (F0,k+rj) 7o coincides with the original parent sequence

but running in reverse, namely the sequence (F 10,n);§7vk .» starting at some index Ny, € {0, 1, ..., 59}
dependent on the values k& and r. We conclude that (Fg k4, j);?‘;o is a reverse complete Fibonacci
subsequence. [l

4C. Methods to compute the values jy and Ni ,. In this subsection, we give a formula and algorithm,
respectively, to compute the values jo and N ,. In particular, we do the following:
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(1) Compute the first zero of (I k- j)i‘;o, that is, the index value jo such that F944,j, = 0 and
joe{0,1,..., 14}
(2) Compute the value N, € {0, 1, ..., 59} such that (Jo, k+,j) 2 o coincides with (F1g,,) 52 “Ne, (resp.

(F10 n);fj’vk ) when (F10.k+r ,)‘?0_0 is a forward (resp. reverse) complete Fibonacci subsequence

Formula 4.12. Let r € U(60). The first zero in the complete Fibonacci subsequence (I g+ J) ~ o oceurs
at the index value jg € {0, 1, ..., 14} satisfying the congruence jo =r ~1(=k) (mod 15).

Proof. Letr e U(60) and k € {0, 1, ..., 59}. We know that r~1 exists since r € U(60) and U(60) is a
group. Choose jy € {0, 1, ..., 14} such that jo = r~'(—k) (mod 15) holds. Then we have the sequence
of implications

=r"'(—k) (mod 15) — rjo=rr~'(—k) (mod 15)
— rjo = —k (mod 15)
— k+rjo=0 (mod 15),

and so 15 divides k +rjo. By Lemma 5.1, it follows that Fyo x4.j, = 0. Observe that since the zeros
of (F 10,k+,j);?’;0 are equally spaced in gaps of size 15 by Lemma 4.7, there cannot exist a j such that
0 <j < jo and Fyg k4,; = 0. Therefore, the first zero occurs at the index value jo. ]

To compute the Ni , value, it is helpful to recall the definition of a primitive root and the discrete
logarithm, namely the index function:

Definition 4.13. A primitive root of n is an element g in the group of units U(n) such that for each
element u € U(n), there exists an i € Z for which u = g’ (mod n).

Definition 4.14. Let g be a primitive root of n. If u € U(n), then the smallest integer i € N such that
u =g’ (mod n) is called the index of u relative to g. We denote this i value as indg (u).

We care primarily about the group U(10). This group has two primitive roots, namely the values 3
and 7. We exploit the fact that 3, in particular, is a primitive root of 10 in the following method to compute
Nk’ri
Algorithm 4.15. Let r € U(60). To compute N ., proceed as follows:

r (mod 10) ifr =1 (mod4),
—r (mod 10) if r =3 (mod 4).
(2) Find iy € {0, 1, 2, 3} such that iy = ind3 (7).
(3) Set M;, := 15iq and find j € {0, 1, ..., 59} such that j = r~'(M;, — k) (mod 60).
60— ifr=1 (mod4),

j ifr=3 (mod4).

We conclude that (Fqg k+r])°°O coincides with (F19,,)52 Ner when r = 1 (mod 4), and (3’10’k+rj)§?°:0
coincides with (F 107,1)”_ Ny, when r =1 (mod 3).
Proof. Letr e U(60) and k € {0, 1, ..., 59}. Observe that the sequence (k +rj (mod 60))<><> Z1sjusta
cyclic shift of the sequence (j (mod 60)) Hence if we know where the first 0 followed by a 1 occurs

in (Fyo ,J)j ~ > then we can find the 1ndex Value j€{0,1,...,59} where this occurs in (?IO,k-i-rj)?io-
More precisely, given j € {0, 1, ..., 59} such that Fyp,; =0 and F10,r(j+1) = L, then in particular we know

(1) Find 7 € {1, 3,7, 9} such that 7 = {

(4) Set Ni, = {
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that rj (mod 60) is congruent modulo 60 to exactly one multiple of 15 in the set {0, 15, 30, 45}. We claim
this is the value M;, from step 3 in the algorithm, and hence it suffices to find the value ]~ e{0,1,...,59}
such that k +rj = M;, (mod 60) since that would imply Frokrj=0and Fyy 0,50y =1, as desired.
We now show that if Fy¢,; = 0 and rj = M;, (mod 60), then Fo,(j+1) = 1 is forced. Since the
congruence rj = M;, (mod 60) holds, then r(j + 1) =rj +r = M;, +r (mod 60). Thus we have

Fro.r(j+1) = F10,M;+r
= Fro.my—1 F10,r + F10,m,, Fr0,441 (mod 10) by Lemma 3.5,
= 3"10,M,.0_1 F10,r (mod 10) since 3’"10,Mi0 =0 by Lemma 5.1,
=1 (mod 10),
where this last congruence holds since our choice of iy in step 2 of the algorithm is the precise value of i
in Lemma 4.6 such that J10,p,+1 is the multiplicative inverse of Jq ;.
It suffices to show that for j € {0, 1, ..., 59} with j = rl (M;, — k) (mod 60) as given in step 3 of the
algorithm, we have ?10 ktr] = 0 and ?10 ktr (1) = 1. To show ?10’,{“} = (0, observe that
=r'(M;, — k) (mod 60) = rj = M, —k (mod 60)
— k+rj= M, (mod60),

and hence k + rj is a multiple of 15 and so ?10,k+r7 = 0 by Lemma 5.1. To show &F
observe the following sequence of equalities and congruences:

F

10,k+r(j+1) — 1,

10,k+r(G+1) — ?10, k+rj)+r
= ?IO,M,-OH since k + rf = M;, (mod 60),
=1 (mod 10),

where again this last congruence holds for the same reason given in the argument in the previous paragraph.
Thus beginning at the term F ;. , j = the subsequence (F10 k+r ]) ° , moves forward (resp. reverse) through
the parent sequence (F19,,)5c, if r =1 (mod 4) (resp. r =3 (mod 4)). Now to compute Ny , it is simply
a matter of finding which term in the first Pisano period (J, n)59 Zo of (F10,0)52, is exactly the first
subsequence term J19 x+r©0) Of (F10.k+r J-);?O_O. There are two cases.

Case 1: If r =1 (mod 4), then (Fg fr J) o ] is a forward complete Fibonacci subsequence Wlth the 0
followed by a 1 begmmng at the index value j € {0,1,...,59} of (F10.4+r j) o- Hence the first ] terms
of the period (J10 k+r ]) o are exactly the last j terms of the parent sequence’s perlod T, ")n o> Namely
the terms (Jo, ,,)59 -. Thus the first term of (F10 x4+ ]) 720 is the element &F 10,60— - We conclude that
(Frok+rj)j20 = (fFlon),, N, With Ni =60—jif r =1 (mod4).

Case 2: If r = 3 (mod 4), then (F 10,k+rj) j=o 1s a reverse complete Fibonacci subsequence with the 0
followed by a 1 beginning at the index value j € {0, 1, ..., 59} of (F 10,k+rj) %2 2o- However, 1n this setting
the subsequence moves in reverse through the parent sequence (F19,,)52,- So the first j +1 terms of
(F1o k+,])J ° are exactly the terms (?10 e, J10.2, T10.15 ?10 0) = (?loj, ..., 1,1,0) of the parent
sequence running in reverse. Thus the ﬁrst term of (F10.k+r j) o 1s the element 3" 10,7 . We conclude that
Fro.k+r))520 = F10.0),2n,, With N, = = jif r =3 (mod 4). U
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Example 4.16. Recall Example 4.2 where we considered the subsequence (Fg - j)?io with £k =9 and
r = 13. By Formula 4.12, we have jy = r~1(—k) =37(—9) = —333 = 12 (mod 15), and indeed it is
readily verified that 319 9+13(12) is the first zero of (F19,9+13 j);?’;o. Let us now compute Ny 13 using the
four steps in Algorithm 4.15 as follows:

(1) Since r =13 =1 (mod 4), we set 7 := 3.

(2) Setip:=ind3(r) =ind3(3) = 1.

3) §et M;, :=15ip = 15. Then J~ = r*I(M,‘O —k)=37(15-9) =222 =42 (mod 60), and so we set
ji=42.

(4) Since r =1 (mod 4), set Ng 13 := 60 — ] =60—42 =18.

Indeed, by examining the subsequence terms given in Example 4.2, it is readily verified that the subse-
quence (9’10,9“3])?’;0 is exactly the parent sequence (3"10,,1);0:1\,9 s where Ny 13 =18.

5. Open questions

In Section 5A, we explore open questions for subsequences of (F19,,);,2,. In Section 5B, we present
open questions for subsequences of (F,, )5, for arbitrary moduli values m.

5A. Observations on some specific subsequences of (F 10,,,);'1°=0. In this subsection we examine some
specific subsequences that yield convex subsequence diagrams, namely Type 1 diagrams. In Section 5A1,
we provide a proof that the sum of the antipodal points on the (Fy9 )52 ,-circle is either O or 10. For
the remaining subsubsections, we only give observations that can be verified informally by brute force
verification of the entries in the (F9,,)52-circle. However, we leave them as open questions to the

interested reader to prove those asserted claims.

5A1. Jump size r = 30: antipodal points.
Given a jump size of r = 30, we observe that the sum of the antipodal points on the (F¢,,);2,-circle
is either 0 or 10. For instance, in Figure 7, the bold black line represents the period (0, 0) of the
subsequence (10,0430 j)?iO' This sum is 0, whereas for the period (1, 9) for the neighboring subsequence
(J10.1430 J')?io the sum is 10. This phenomena occurs for all (Fg x+30 j);ozo whenever k is not divisible
by 15. This becomes evident when looking at the column values for Jg,, and F¢ ,+30 in Table 4.

This observation leads to the main result Theorem 5.3 of this subsection. Its proof is aided by the next
two useful lemmas. This first lemma follows from the well-known results that 3 divides # if and only if
F, is even, and 5 divides n if and only if 5 divides F,.

Lemma 5.1. In the sequence (F19,,)5e, the following identity holds:

5 ifandonlyif5|n and 15} n,

Fio.n ={ : )
0 ifandonlyif15|n.

This second lemma reveals an intimate connection between jump sizes in (F9 )52, that are multiples
of 15, such as from JFg,, to Fio,,415; for each j > 0, and the power sequence (77 (mod 10))?‘;0 which is
a periodic sequence of length 4, namely (1,7,9,3,1,7,9,3,...). Its proof relies on Lemma 3.5, which

is a modulo 10 analogue of identity (5) of Proposition 2.2.
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1t

Figure 7. (F10.4+30 j)§°:0 diagrams.

n 012345678910 1112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
Fon 01123583145 9 43 7 07 7 4156 1 7853819
F10m430]0998752796 51 6 73 03 3 6 9 5 4 9 3 2 5 72 91

Table 4. Sums of antipodal points on the (F0,,);,2-circle.

Lemma 5.2. Setn > 0. Then for all j > 0, we have F19 5415; = 77 -J10.n (mod 10).

Proof. We induct on j. Clearly for j = 0, we have Fg, = 7.5 10.» (mod 10) so the base case holds.
Suppose for some k > 0 that the congruence Fg ,415¢ = 7. F 10.n (mod 10) holds. It suffices to show
that F10 n4+15G+1) = TR F 10.» (mod 10). Observe the sequence of equalities and congruences

F10.n+15%+1) = F10,(1+156)+15
= F10,(+150-1 F10,15 + F10,n415 F10,16 (mod 10) by Lemma 3.5,
=7-F10.n+15¢ (mod 10) since F10,15 =0 and Fp,16 =7,
=7-(7*.F 10.n) (mod 10) by the induction hypothesis,
=71 F10., (mod 10),

as desired. We conclude that Fg ,415; = 77 -J10.n (mod 10) for all j > 0. |
Theorem 5.3. In the sequence (F10,4),- . the following identity holds:

0 if15 divides n,

F F =
10,0 710,430 {10 otherwise.
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Proof. By Lemma 5.1, the claim clearly holds if 15 divides n, so assume 15 does not divide n. By
Lemma 5.2, we know Fg n41502) = 7%. F10.» (mod 10). Hence it follows that

F10n430=9-F 10,0 = —1-F10,, (mod 10).

And thus J19 ,+30 + T10., = 0 (mod 10). Since 15 does not divide n then both JFg , and T ,+30
are nonzero, and so 0 < JFg.,, F10.n+30 < 10 and F19 n+30 + F10.,, = 0 (mod 10). We conclude that
F10.n+30 + T10.n = 10 as desired. ]

5A2. Jump size r = 15: squares.

Given a jump size of r = 15, we can observe that each subsequence (F10 x+15 j)?io is periodic of length 4.
For instance, in Figure 8, the bold black square represents the period (0, 0, 0, 0) of the subsequence
T10.0+ 15.,-)5';0. In general, consider the 4-tuples

Sk = (Fr0x+1510=<j <3)

fork €{0, 1, ..., 14}. We list the elements of each 8 tuple below in the order that the F¢ x15; appear
clockwise in the circle. Each subsequence (J1¢ k+15 j);’.ozo is an infinitely repeating sequence of exactly
one tuple below or a cyclic shift of one tuple below:

S/0 0 0 O 8|5 5 5 5 Sip|5 5 5 5

S;|1 7 9 3 S¢|8 6 2 4 S |19 3 1 7

S |1 7 9 3 $713 1. 7 9 S|4 8 6 2

8312 4 8 6 |1 7 9 3 8313 1 7 9

8413 1 7 9 S9|4 8 6 2 Su |7 9 3 1
For any k£ € {0, 1, ..., 59}, we make the following observations:

Figure 8. (F10.k+15 j)iozo diagrams.
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o If gcd(k, 15) = 1, the S tuples contain the numbers 1, 7, 9, 3, in that order or some cyclic shift.

o If gcd(k, 15) = 3, the S tuples contain the numbers 2, 4, 8, 6, in that order or some cyclic shift. The
fact that these tuple entries are even is clear by the well-known result that F,, is even if and only if 3
divides n.

If ged(k, 15) =5, The S tuples contain only 5°s. This is clear by Lemma 5.1.

If ged(k, 15) = 15, The 8 tuples contain only 0’s. This is clear by Lemma 5.1.
The sum of the entries in 8 equals O if gcd(k, 15) = 15 and equals 20 if ged(k, 15) # 15.
Powers of 0, 2, 5, and 7 modulo 10 yield the 8; tuples in the following sense:
— If ged(k, 15) = 1, then (F10,x+15;) 520 = (77 (mod 10))?°:N for some N =0, 1, 2, 3.
— If ged(k, 15) = 3, then (Fio,x+15;) 520 = (27 (mod 10))?‘;]\, for some N =0, 1, 2, 3.
— If ged(k, 15) =5, then (Fio,x+15) 520 = (57 (mod 10))?0:0.
- If ged(k, 15) =15, then (F10.4+155) 520 = (0/ (mod 10))?‘;0.

We leave it as an open question to the interested reader to prove the assertions above.

5A3. Jump size r = 12 pentagons.

Given a jump size of r = 15, we can observe that each subsequence (F10 x+15 j)?ozo is periodic of length 5.
For instance in Figure 9, the bold black pentagon represents the period (0, 4, 8, 2, 6) of the subsequence
(F10.0+12 j);?‘;o. In general, consider the 5-tuples

Pei=Fr0x412; 10<j <4

fork € {0, 1, ..., 11}. We list the elements of each P; tuple below in the order that the Fo x+12; appear
clockwise in the circle. Each subsequence (J19 t+12 j);’.ozo is an infinitely repeating sequence of exactly
one tuple below or a cyclic shift of one tuple below:

Po|O0O 4 8 2 6 Ps |8 4 0 6 2

P11 35 79 P13 1 9 75

P17 3 9 5 Pg |1 5 9 3 7

P512 0 8 6 4 Py |4 6 8 0 2

Py|3 7 1 5 9 Pol5 1 7 3 9

Ps|15 7 9 1 3 Pnul9 7 5 3 1
For any k € {0, 1, ..., 59}, we make the following observations:

e If k=1 or 5 (mod 12), then the P; tuples contain the numbers 1, 3, 5, 7, 9, in that order or some cyclic
shift. If k =7 or 11 (mod 12), then the P tuples contain the numbers 9, 7, 5, 3, 1, in that order or some
cyclic shift.

e If k =2 or 10 (mod 12), then the P, tuples contain the numbers 1, 7, 3, 9, 5, in that order or some
cyclic shift. If k =4 or 8§ (mod 12), then the P; tuples contain the numbers 5, 9, 3, 7, 1, in that order or
some cyclic shift.

e If k=3 (mod 12), then the P; tuples contain the numbers 8, 6, 4, 2, 0, in that order or some cyclic shift.
If k =9 (mod 12), then the P tuples contain the numbers 0, 2, 4, 6, 8, in that order or some cyclic shift.

e If k=0 (mod 12), then the P} tuples contain the numbers 0, 4, 8, 2, 6, in that order or some cyclic shift.
If k =6 (mod 12), then the P, tuples contain the numbers 6, 2, 8, 4, 0, in that order or some cyclic shift.
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Figure 9. (F104+12 j)§°:0 diagrams.

» Consequently, the sum of the P; values equals 20 if k = 0,3, 6,9 (mod 12) and equals 25 if k =
1,2,4,5,7,8,10, 11 (mod 12).

We leave it as an open question to the interested reader to prove the assertions above.

5A4. Jump size r = 5: dodecagons.

Given a jump size of r = 5, we can observe that each subsequence (F19 x+5 j)j?‘;o is periodic of length 12.
In Figure 10, a jump size of r = 5 highlights a regular 12-gon, or dodecagon. For instance in the
figure, the bold black dodecagon represents the period (0, 5, 5,0, 5, 5,0, 5, 5,0, 5, 5) of the subsequence
(J10.045 j);ozo. In general, consider the 12-tuples

D= GFr0x4s;10=<j <11

for k € {0, 1,2, 3, 4}. We list the elements of each Dy tuple below in the order that the Fo x45; appear
clockwise in the circle. Each subsequence (Fg k+5 j)ﬁio is an infinitely repeating sequence of exactly
one tuple below or a cyclic shift of one tuple below:

Dy|0O 55055055055

D1 8 97 6 3 9 2 1 3 47

D1 3 471 8 9 76 3 9 2

D32 1 3 4 718 9 76 3 9

Dsy|3 4 71 8 9 7 6 3 9 21
For any k € {0, 1, ..., 59}, we make the following observations:

o The sum of the entries in Dy equals 40 if k =0 (mod 5) and equals 60 if k£ = 0 (mod 5).

e If k=0 (mod 5), then the Dy, tuples contain the numbers 0, 5, 5, repeated in that order or repeated
in some cyclic shift.
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Figure 10. (F104+5 j);?‘;o diagrams.

o If k£ £ 0 (mod 5), then the Dy tuples are cyclic shifts of the complete period of the Lucas sequence
modulo 10; that is, (L, (mod 10))};0 =(2,1,3,4,7,1,8,9,7,6,3,9). Hence for every k not
divisible by 5, the subsequence (¢ k+5 j)‘;';o is essentially the Lucas sequence modulo 10.

We leave it as an open question to the interested reader to prove the assertions above.

Question 5.4. In Remark 3.3, we observed that (J9 3425 j)‘]’.io and (10,345 j);’."zo both yield the Lucas
sequence modulo 10. Can we classify all k and » values such that (Fyg g, J')?io is the Lucas sequence
modulo 10?

5B. Generalizing the modulo 10 results to arbitrary moduli. Lastly, we provide some open questions
related to generalizing results in this paper to arbitrary moduli values.

Question 5.5. In Section 5A1, we proved that the sum of the entries of antipodal points in the (F19,,);2 -
circle always sum to 0 modulo 10, as follows:

0 if 15 divides n,

Fion+F =
10, 10,430 {10 otherwise.

An interesting question to ask is for what modulo m values does this hold. More precisely, for what
values m does the following hold for all n:

©) Fmn + Fmngnmy2 =0 (mod m)?
Partial work towards this problem has been done by Franks, Mbirika, and Sanchez (see Remark 5.8).

Question 5.6. What other results from this paper can we generalize to arbitrary moduli m? For example,
consider these open questions.
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(1) In the m = 10 setting, we found that for r values in the set U(60), namely the r values such
that ged(r, 60) = 1, the subsequences (JF 10,k+rj);.";0 yielded the complete (Fi,,)50 N, Sequence either
forward or reverse. Noting that the Pisano period 7 (10) equals 60, we question whether for arbitrary
moduli values m, will r values in the set U(w (m)) give subsequences (I, k+r j)?io yielding the complete
(Fmn)pe Nai, S€quence, either forward or reverse, for some constant Ny, x» € {0, 1, ..., w(m) — 1}
dependent on m, k, and r? That is, if gcd(r, w(m)) = 1, then do we get a Type 3 subsequence generalization
for (?m,k-i-rj)?io?

(2) Do there exist moduli values m for which there is no Type 3 subsequence generalization for
(T mk+r j)‘]?io? That is, do there exist m values such that the subsequence (I, t, j)?io never recovers
the original sequence (F,, )2, for any jump size r?

(3) In the m = 10 setting in Theorems 3.7 and 3.9, we gave sufficiency conditions on the value r that
would guarantee (F10 k+r j);’ozo is either a forward or reverse quasi-Fibonacci subsequence. In particular,
these conditions depended on the residue class modulo 4 of odd r values that are not divisible by 3.
For arbitrary m, can one generalize these sufficiency conditions for the subsequence (I, rr j)?io of

(Fmn)nzo?

Question 5.7. In Lemma 4.4, we stated that for r values relatively prime to 60, we have the following
two intriguing observations:

o If r e U(60) and r = 1 (mod 4), then Fyg, =r (mod 10).
o If r e U(60) and r = 3 (mod 4), then Fyg, = —r (mod 10).

This is true by brute force confirmation of the sixteen elements in U(60). However that is a very
unsatisfying “proof” and merely confirms that the result is true but does not explain why it is true. Can
one come up with a more illuminating proof of this very beautiful result? Moreover, is there some natural
generalization of this result for arbitrary moduli m?

5C. Further evidence that m = 10 may be a special case.

Remark 5.8 (on Question 5.5). It is well known that for a given moduli value m, the period’s terms
FImo, Tm1, - Tmxm)—1 contain exactly 1, 2, or 4 equally spaced zeros [6, Corollary 3.29]. Unpublished
results of Franks, Mbirika, and Sanchez show that if there are exactly four zeros in the period, then
identity (6) holds (personal communications, 2022). The converse of the statement, however, does not
hold. For example, it is easy to verify that when m = 6, then identity (6) holds but there are only two
zeros in the period.

Remark 5.9 (On Question 5.6, part (1)). We call a sequence (F, )2, an m-complete sequence if for
every r with ged(r, w(m)) =1, each subsequence (I, x4, j)?io has a period (F, ks j)ji"g ~! that coincides
exactly with the period of the original sequence (either going forward or reverse). Theorems 4.10 and 4.11
confirm that (F10,,)72 , is a 10-complete sequence. Utilizing Python code written for us by Dr. Mckenzie
West of University of Wisconsin—Eau Claire, we have confirmed that for values 10 < m < 1000, that

m = 10 is the only modulus that yields an m-complete sequence.
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Appendix

Al. Step-by-step construction of (Fig,x4r j);’.":o when k =3 and r = 25.

(Fr03125))) o= 2. 1) (Fr03125))7 o= (2, 1,3)

(Fro3425) 0= 2,1,3,4,7, 1) | (Fro3425)°_=(2,1,3,4,7,1,8)

L9 10,




204 DAN GUYER, ABA MBIRIKA AND MIKO SCOTT

(Fr03+25))) o =(2,1,3,4,7,1,8,9) (Fr03425/)8_p=(2,1,3,4,7,1,8,9,7)
A A

0 0
291 112 29] I12

(Fr034251)0—0 = (2,1,3,4,7,1,8,9,7,6) (Fr03+25))% = (2,1,3,4,7,1,8,9,7,6,3)
A

0
2 9! L1

A2. The research team. The research team for this project are Miko Scott, Dr. aBa Mbirika, and Dan
Guyer (shown left-to-right in the figures below). We acknowledge a number of research centers in Eau
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Figure 12. The research team working on a Lucas sequence identity at Dooley’s Irish Pub.
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